We report on molecular dynamic calculations of combined tension-torsion of chiral single-wall nanotubes. We work within the framework of objective structures that exploits symmetry groups to enable torsion of chiral nanotubes, in addition to non-equilibrium extension. We apply the method to study the mechanical response and failure of nanotubes of various chiralities. We find that three distinct regimes exist for nanotubes under twist: distorted but unbuckled, reversible torsional buckling and irreversible torsional buckling. When twisted but unbuckled nanotubes are subject to tension, there is minimal change in failure strain, whereas reversibly buckled nanotubes have substantially reduced failure strain and load. We also observe the evolution of the twisting moment during the elongation process while keeping the twist angle fixed. This evolution has two interesting and potentially useful features: first, some nanotubes 'unbuckle' in the process of extension, and second, there is a clear correlation between extrema in the evolution of the twisting moment and impending nanotube failure. Given the sensitivity of electrical properties in carbon nanotubes to torsion, and the recent demonstrations of measuring torsion-induced changes, the latter feature suggests the possibility of real-time diagnostics to detect critical mechanical events.
Introduction
This paper uses the objective structures (OS) framework developed by James and coworkers [Jam06, DJ07, DJ10] to study the mechanical response and failure of carbon nanotubes that are subject to combined tension and twist. There are two important advantages enabled by the OS framework; namely systematic and efficient approaches first to model chiral carbon nanotubes and second to apply arbitrary levels of twist. The commonly used periodic boundary conditions typically require a very large number of atoms to achieve a translational unit cell in chiral nanotubes (only undistorted zigzag and armchair nanotubes are easily possible). In addition, periodicity is incompatible with twisting because an infinitesimal twist distortion immediately destroys the translational symmetry.
Twisting in carbon nanotubes is particularly important because it can change the chirality of a nanotube [Jos06] . In addition, Zhang et al [ZJD09a] show that at a specific twist angle, a (n + 1, m − 1) tube is energetically preferred to a (n, m) tube for n > m, though the barrier for transformation can be significant. These changes in chirality can have important practical consequences, e.g., it can change the electrical properties qualitatively [WVR + 98] . Therefore, much work has been carried out on simulating the torsional mechanics of carbon nanotubes. Due to the difficulties in using periodic simulations mentioned above, several papers studied torsion using a finite segment and fixing the atoms at one end of the tube while twisting the other end [YXX04, SO04, WQV07, Cha07, JLS07] . This causes artificial end-effects, easing the nucleation of dislocations and defects close to boundaries [CFEW08] . These effects become more pronounced when the nanotube undergoes torsional buckling because the boundaries are forced to remain circular while the interior cross-section is severely distorted in the postbuckling regime. Ertekin and Ehrzan [EC05] avoid these end-effects using the periodicity of zigzag nanotubes for a discrete set of twist angles for which the nanotube retains periodicity, and thereby are able to calculate the torsional strength and stiffness of carbon nanotubes for these angles. Atomically informed continuum models of carbon nanotubes, e.g. [AA08, SSI
+ 10], can be used to examine torsion and other complex deformation modes. However, continuum approaches may not be able to model localized failure and changes in chirality, though some promising results indicate future possibilities [LDS + 05]. The OS framework uses a generalization of the idea of periodicity to overcome these issues. The key idea is to use group theory and the principle of frame-indifference to enable calculations with non-periodic unit cells that are related not by translation but by a more general transformation that includes rotation. A straightforward outcome of this approach is that certain parameters of the group have natural thermodynamic conjugates that correspond to torsional moment and axial force. Dumitrica, James and coworkers have used the OS framework to study many aspects of carbon nanotubes under twist [ZJD09b, ZJD09a, ZDS10] . Our key advance beyond their work is the calculation of nanotube mechanics when subject to combined twist and axial extension. As a part of this work, we formulate the analog of barostats for torsion, i.e. a method to apply torsional-moment control rather than twist-angle control. We then apply the method to study the mechanical response and failure of nanotubes of various chiralities. We find that three distinct regimes exist for nanotubes under twist: distorted but unbuckled, reversible torsional buckling and irreversible torsional buckling. When twisted but unbuckled nanotubes are subject to tension, there is minimal change in failure strain, whereas reversibly buckled nanotubes have substantially reduced failure strain and load. We also observe the evolution of the twisting moment during the elongation process while keeping the twist angle fixed. This evolution has two interesting and potentially useful features: first, some nanotubes 'unbuckle' in the process of extension, and second, there is a clear correlation between extrema in the evolution of the twisting moment and impending nanotube failure. Electrical properties in carbon nanotubes are fairly sensitive to torsion, and recent work has demonstrated the possibility of using this to measure torsion-induced changes experimentally by observing the changes in electrical response [CKSSL + 06, HFSW07] . This suggests the possibility of real-time diagnostics to detect critical mechanical events that are signaled by extrema in the twisting moment evolution. Monitoring the twisting moment during extension of the nanotube may provide a real-time diagnostic of the mechanical state of a carbon nanotube.
The paper is organized as follows. In section 2, we outline the OS simulation method following [Jam06, DJ12, DJ10, AD11] . In section 3, we present the results of our calculations, and discuss the results in section 4.
Tension and torsion of nanotubes using the OS method
The presentation in this section closely follows [Jam06, DJ12, DJ10, AD11].
Symmetry-adapted description of carbon nanotubes in the OS framework
An objective atomic structure is an atomic assembly in which all atoms see the same environment up to translation and rotation [Jam06] . Similarly, an objective molecular structure is a structure composed of groups of atoms, each group forming a 'molecule' such that each molecule sees the same environment up to translation and rotation. Hence, an objective atomic structure is a special case of an objective molecular structure with the molecule consisting of a single atom.
A compact and intuitive description of OS is provided by the language of group theory [DEJ, DJ10] . A discrete group G of isometries in 3D is assumed to consist of elements of the form g = (Q|c), Q ∈ O(3) and c ∈ R 3 . Given g 1 = (Q 1 |c 1 ) and g 2 = (Q 2 |c 2 ), the rule for group multiplication is g 1 g 2 = (Q 1 Q 2 |Q 1 c 2 + c 1 ), and the rule for inverses is g −1 = (Q T | − Q T c). These rules come from the action of these isometries on R 3 : g(x) = Qx + c. Then composition of mappings gives with N being the number of molecules and possibly infinite, we can construct the OS using
We specialize this to single-wall carbon nanotubes summarizing [DJ10] . Consider a nanotube with chiral vector described by (n, m), and nanotube axis e. Define the generators h 1 , h 2 of this nanotube as isometries of the form:
The generator h 1 is a rotation operation with axis coinciding with e, and h 2 is a screw operation with the orthogonal part having the axis coinciding with e. The quantity l 0 = 0.142 nm is the bond length of the graphite sheet before rolling. The integers p and q are such that
and GCD(n, m) is the greatest common divisor of n and m. Now consider the isometry group G = {h i 1 1 h i 2 2 ; i 1 , i 2 ∈ Z} generated by the generators h 1 , h 2 . As shown in [DJ10] , G provides an isometry group to generate the nanotube, and (2.2) can be written as
In this description, the FD contains two carbon atoms and hence k = 1, 2. The parameters
The two-atom FD above greatly limits the possible atomic motions for the calculations that we wish to perform. It is roughly analogous to a periodic MD calculation with two atoms in the unit cell; that would constrain motions to an extent that defects such as vacancies and dislocations are unable to form. Hence, we increase the number of atoms in the FD to balance computational efficiency and to be able to capture phenomena of interest. To do this, we use a FD with atoms at initial positions given by h 
, and k indexes the 2 × (i 1 − i 2 + 1) × (j 1 − j 2 + 1) atoms in the enlarged FD. This is closely analogous to the use of supercells in periodic MD.
We note certain features of the OS isometry group approach. First, the OS above enables facile MD calculations of nanotubes that are chiral whereas periodic boundary conditions would require extremely long unit cells. Further, OS enables a transparent approach to the application of external loads that cause twisting and extension; the choices for h 1 , h 2 can be thought of as corresponding to an unloaded nanotube, and changing θ 2 would correspond to imposed twist, while changing κ 2 would correspond to imposed extension. Finally, imposed twist can cause a complete lack of translational symmetry in the nanotube and would require, in principle, infinitely long unit cells with periodic MD, but can be easily and efficiently handled with OS.
The typical unit cell that we use is shown in figure 1 . The blue atoms show the FD and the red atoms the images under the group. The boundary of the FD shows clearly that the images are not simply translated versions of FD but also involve rotations.
Molecular dynamics using the OS framework
Objective molecular dynamics (OMD) is a generalization of periodic MD [DJ07] that uses objective images, rather than periodic ones, to compute the forces on atoms. In [DJ10] , it was shown that one could satisfy the equations of MD even if the elements of the OS isometry group were certain explicit functions of time. For each element g = (Q(t)|c(t)), the explicit time dependence is restricted to be such that Q is independent of time and c is at most an affine function of time, c(t) := a + tb. In addition, the time-dependence of the different elements of the group must be such that they continue to form a group at every time t. The fact that Q is constant in time implies that the twist angle is kept fixed as extension occurs.
Specializing this to the nanotube, if the generator h 2 = (R θ 2 |κ 2 (t)e) has time-dependence such that κ 2 (t) = at +b with a, b constants and R θ 2 independent of time, then each atom follows the equations of MD while the nanotube undergoes axial elongation. We now use this to find the relation between the trajectories of atom k in molecule i and the corresponding atom k in molecule 0. The isometry that maps molecule 0 to molecule i is given by h
|iκ 2 e), where we recall that the nanotube axis e is the same as the axis of the rotation R θ 2 . Hence,
(2.6) For convenience, we define g i := (Q i |c i ) to represent h i 2 . Then, we have from above thaẗ
The potential energy φ({x i,k }) : R 6MN → R exhibits two fundamental invariances. The first is frame-indifference: φ({x i,k }) = φ({Qx i,k + c}) for all Q orthogonal and c. The second is permutation invariance, i.e. the labeling of the atoms is not important. These properties enable a simple proof that in an OS, even with the isometry group being affine functions of time, every atom satisfies the equations of MD [DJ10] . In addition, the force on an image atom in molecule i is related to the force on the atom in the FD through
using the chain rule. The twist of the nanotube can be controlled either by specifying a desired value of θ 2 (twist angle is controlled), or indirectly by varying θ 2 such that a desired torsional moment is applied (analogous to a barostat). For the latter case, we must calculate the virial twisting moment T as the derivative of the free energy with respect to θ 2 . The formula follows readily analogous to the derivation of virial axial force in [AD11, CFEW08] . The result is
where
is the force between atoms (0, k) and (j, l), and e is the axis of the nanotube. The axial length of the FD is L and · · · shows time/ensemble averaging. Assume now that the torque is specified to beT . Analogous to conventional MD barostats [BPvG + 84], we writė
where β is the 'inertia' of the loading device.
Tensile behavior of pre-twisted nanotubes
The framework described in the previous section is applied to conduct extensive MD simulations on nanotubes with various chiralities and radii and under various loading conditions. All nanotubes are simulated with FDs of different sizes to ensure that results are not dependent on the calculations' size. We use the well-characterized Tersoff potential that provides a balance between bond-order accuracy and computational efficiency. Using the moment-controlled method described above, the nanotubes are first twisted while holding the axial strain constant. Once the desired twisting moment has been applied and the system reaches a steady state, the twist angle, i.e. θ 2 , is held constant while a constant axial strain is
applied. An important aspect of the moment-controlled method is that it provides the system with sufficient freedom to show instabilities as opposed to twist-angle control. All calculations use an initial temperature of 300 K. Strain rates are between 10 6 and 10 8 s −1 . The FD is chosen sufficiently large so that the torsional buckling behavior is independent of the size, found by numerical experiments. The required minimal length is found to depend on diameter. The length of the FD is around 13 nm for (10, 10), (11, 9), (15, 4) and (17, 0) nanotubes, all with diameter of 1.36 nm, and around 10 nm for (13, 2) and (10, 6) tubes, both with diameter of 1.1 nm.
Twist-induced buckling of carbon nanotubes
First, we report on the mechanical behavior of nanotubes under twisting while the length is held fixed. All nanotubes, regardless of their chirality and radius, showed three different regimes under torsion ( figure 1(e) ).
In the first regime, corresponding to low values of torsional moment, the nanotube distorts in a manner that is similar to the classical continuum description of torsion, i.e. each crosssection rotates in the plane without changing shape. In addition, twist per length is constant along the length. We measure these quantities as follows. That cross-sections remain planar is tested by examining the axial components of the atomic displacements. That cross-sections retain their shape is tested by examining the radial and tangential components of the atomic displacements. Finally, that twist per length is constant is tested by the variation of the tangential component of the atomic displacement along the length of the nanotube. The time-averaged values of these quantities suggest that the deformation is indeed as described above. Further, the relation between applied torque and twist angle is linear; we also find that the slope of this linear relation depends only on the radius, not on the chirality. Figure 1(a) shows a snapshot of this step.
In the second regime, as the twisting moment is increased, the nanotube begins to buckle ( figure 1(b) ) and the cross-sections are far from circular. The key characteristic of this regime is that the buckling process is reversible as can be seen from the unloading curve in figure 1(e). In figure 1(f ), we see that the temperature decreases slightly during the first two regimes, qualitatively similar to extension simulations [DJ10] .
In the third regime, corresponding to high values of twisting moment , the cross-section becomes increasingly flat and the deformation is no longer reversible. This occurs when the width of the cross-section is less than the Tersoff potential cut-off distance and bonding occurs between atoms that were originally on opposite sides of the nanotube ( figure 1(c) ). On releasing the load, the nanotube does not completely recover its original shape ( figure 1(d) ). The temperature is also observed to rise dramatically. While the results at this stage are likely to be qualitatively correct, it is not clear if the Tersoff potential is sufficiently sophisticated to capture the π-π bond interaction that would characterize this regime and more accurate potentials should be used [LAH09, QLSR03] .
Figure 1(g) shows that during the first regime a negative (compressive) force is induced in the axial direction when the length is held fixed. As buckling occurs, the nanotube would like to be shorter and therefore the axial force becomes tensile.
Dynamic extension of pre-twisted carbon nanotubes
The configurations from the different regimes in the previous section are used as initial conditions to study the tensile behavior of pre-twisted tubes. After twisting, the nanotubes are elongated at a constant strain rate while keeping the twist angle of the FD fixed following [ AD11, DJ10] . The simulations were conducted between strain rates of 10 6 -10 8 s −1 . Figure 2 summarizes the effect of pre-twist on the axial failure strain as a function of twisting moment and twist angle for different chiralities. The regimes of classical torsion and elastic buckling are qualitatively noticeable in these curves. Pre-twisting within the classical torsion regime causes no change in axial failure strain for non-chiral nanotubes and has a marginal effect in chiral nanotubes. In contrast, elastically buckled nanotubes fail at sharply reduced axial strains for both chiral and non-chiral nanotubes, and this reduction increases with increasing twist.
We now examine the failure mechanisms in detail. For unbuckled nanotubes, the failure mechanisms are similar to those observed in completely untwisted nanotubes, i.e. StoneWales (SW) defects, brittle-like fracture and void formation (these mechanisms are discussed in [AD11] and references therein). The reasoning behind this is that, in this regime, pretwisting a nanotube and changing its chirality have some essential similarities. This can be seen from (2.3) 2 where twisting corresponds to a change in θ 2 in the screw generator h 1 . At the same time, changing the chirality causes the same effect in that changing the chiral indices (m, n) leads to a different value of θ 2 . Of course, (m, n) are required to be integers; therefore the changes in p and q for a given change in (m, n) are difficult to deduce in general, given the complexity of the formula that relates these quantities shown below (2.3). However, Figure 2 . (a) axial failure strain versus initial pre-twist moment for nanotubes of various chiralities; (b) axial failure strain versus pre-twist per length for nanotubes of various chiralities. The axial failure strain plotted against initial pre-twist moment is multivalued because of the nonmonotonicity in figure 1(e) . We emphasize that both these figures are from the same calculations, namely failure strain under constant axial strain rate while holding twist angle fixed; they are only plotted against different quantities. In (b), it is plotted against the pre-twist per length, and in (a) against the torque that is required to maintain that twist. The significant difference between these plots is because the relation between twist per length and torque is not linear.
roughly speaking, for large values of (m, n), increments in these quantities lead to changes in θ 2 . We note that of course, in addition, θ 1 changes as well, so the correspondence between torsion and chirality is not completely straightforward. In general, the results of our calculation support this view that there is no significant difference in the response of untwisted CNTs and unbuckled-but-twisted CNTs.
We also note three recent interesting papers on twist solid nanowires [JZZC10, WC10, WC09]. In [WC10, WC09] , nanowires are subject to twisting and this leads to the formation of complex microstructure in the interior of the nanowire. In particular, dislocations and twist boundaries form, and pattern themselves in a manner that reflects quite well a simplified continuum analysis based on dislocation dynamics or even simpler models. In [JZZC10] , nanowires are subjected to a variety of combined loadings, including the case that is very similar to what we do here. In particular, they examine the behavior of nanowires subject first to twist and then to extension. The load-response curves that they obtain are extremely complex and have many peaks and drops. Much of this complexity derives from the formation of intricate microstructures in the interior of the nanowire. The reason for the absence of such complexity in our calculations is that the carbon nanotube is hollow and therefore the response is dominated by structural considerations and almost completely 2D distortions of the atomic arrangements, whereas nanowire response is dominated by microstructure formation in the interior that has much more of a 3D flavor.
The failure mechanism in elastically buckled nanotubes is completely different. Some snapshots during elongation are plotted in figure 3. SW defects and dislocations were not the failure mechanism; instead, bond breaking and void formation drive the failure and they mostly observed at the 'edges/corners' of the buckled nanotube (figures 3(c)-(e) ). This can be considered as a microscopic analog of stress concentration driven failure.
Evolution of twisting moment under extension while keeping twist angle fixed
A pristine undeformed chiral nanotube generated by group parameters from (2.3) is nominally untwisted but typically has a non-zero twisting moment. Keeping this twist angle fixed at 0 and then stretching the nanotube initially relaxes the initial twisting moment, and on further extension the twisting moment goes to zero, changes sign and continues to increase in the opposite sense (figure 4). We note that the twist per length is measured with respect to the relaxed state that is achieved using the momentostat, and not from the nominal parameters. Therefore, the twist per length is zero at the beginning of all our calculations. An interesting observation is that in the various chiral nanotubes that we have studied, the twisting moment goes to zero at roughly 6% strain, regardless of chirality and radius. This suggests that θ 2 , κ 2 and the radius from (2.3) should be modified to account for the fact that the current values either have a relaxed axial force (at zero strain) or a relaxed twisting moment (at 6% strain) but not both loads relaxed together. Our results are consistent with [ZAD11] where they note that smalldiameter nanotubes have a tendency to undergo a twist towards the armchair configuration. In addition, we observe this effect with a Tersoff potential, thereby providing a negative answer to the conjecture of [VBSF + 10] that electronic effects are the cause of this twisting moment. Another observation from figure 4 is that at all axial strains, the magnitude of the twisting moment increases as the chiral angle ζ of a nanotube approaches 15
• . That is, the more chiral a nanotube, as measured by ζ which is 0
• for zigzag and 30
• for armchair nanotubes, the larger the twisting moment for a given strain level.
We also find that a maximum in the magnitude of the twisting moment is a reliable indicator of the nucleation of defects and impending failure. The large distortion at a defect site allows the nanotube to relax the twisting moment while satisfying the imposed twist.
We now examine the evolution of twisting moment and axial force during elongation of a pre-twisted nanotube. We examine two cases: first, when the nanotube is in the classical torsion regime, and second, when the nanotube has undergone elastic buckling. The results of these calculations are in figure 7. In the classical torsion regime, the results in figure 7(a) are qualitatively similar to the nominally untwisted nanotubes in figure 4, though the numerical values are shifted. However, when an elastically buckled nanotube is elongated, the evolution of the twisting moment is significantly different. The (15, 4) and (11, 9) nanotube response is relatively straightforward. However, the other curves have the interesting feature that there is a sudden change in slope. This corresponds to a transition from a buckled nanotube to an unbuckled state (figure 5). After this transition, the evolution is qualitatively similar to the behavior in the classical torsion regime.
In our calculations of extension under twist, we keep the twist angle of the FD fixed but increase the length. Therefore, a plausible reason for the unbuckling is that it is merely due to the relaxation of the twist per unit length. However, figure 6 shows that the twist per length at unbuckling under extension is much larger than the twist per length at the onset of buckling.
We also plot the evolution of axial force during the elongation process for both cases, figures 7(b) and (c), but these do not differ much from each other. One interesting feature is that chirality has no effect in strong contrast to the twisting moment evolution.
Conclusion
We have applied the objective structure framework to examine the elongation of twisted carbon nanotubes of various chiralities. The framework enables us to readily examine the effect of chirality and twisting without end effects or constraints imposed by periodicity. As a part of our formulation, we have developed a method to control the twisting moment rather than the twist angle, analogous to barostats in periodic MD. The qualitative results described below are largely independent of chirality except where specifically noted. We have applied this to first examine torsion without elongation, and second to examine elongation of pre-twisted nanotubes. There are three distinct regimes in torsion: classical torsion corresponding to rotation of cross-sections with no distortion or out-of-plane motion; torsional buckling that causes large cross-sectional distortions but is reversible; and torsional buckling that is non-reversible due to the bonding between initially distant atoms that come close to each other due to the large cross-sectional distortions. We note, however, that in general the buckling mode is typically sensitive to the choice of simulation domain size. In the opposite limit of very large simulation domain size, continuum rod theory leads to the expectation that the buckling mode will be such that the central axis of the nanotube itself forms a helical shape [Ant05] .
We use nanotubes from the first two regimes as initial states and dynamically elongate the nanotube at a constant strain rate while holding the twist angle fixed. We find that the axial failure strains and the failure mechanisms are mostly unchanged when initial twist puts the nanotube in the first regime. However, there is a dramatic decrease in axial failure strain when the nanotube is initially in the elastically buckled regime. In addition, the failure mechanism in this regime is dominated by defect nucleation at the 'edges' or 'corners' of the distorted cross-section. We note that our findings are based on calculations for strain rates between 10 6 and 10 8 s −1 , and it is possible that inelastic mechanisms are different at lower rates. However, current simulation methods and computational resources limit how low a strain rate can be calculated.
The evolution of twisting moment during elongation reveals interesting and potentially useful behavior. When the initial twist puts the nanotube in the classical torsion regime, the twisting moment evolution (when the twist angle is held fixed) shows a distinct maximum/minimum that indicates defect nucleation and impending failure of the nanotube. In addition, the magnitude of the twisting moment throughout the evolution is larger when the nanotube is more chiral as measured by the closeness of the chiral angle ζ to 15
• . When the initial twist puts the nanotube in the elastically buckled regime, the twisting moment evolution in certain chiralities has a sharp kink that signals the 'unbuckling' of a nanotube.
Electrical properties in carbon nanotubes are highly sensitive to torsion. Recent experiments have demonstrated the measurement of torsion-induced changes [CKSSL + 06, HFSW07]. Therefore, monitoring the twisting moment during extension of the nanotube may provide a real-time diagnostic of the mechanical state of a carbon nanotube. In particular, the correlation of the twisting moment extrema with impending nanotube failure may offer a route to detect critical mechanical events.
